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CIRIC'S FIXED POINT THEOREM IN A CONE METRIC SPACE 



BESSEM SAMET 



Abstract. In this paper, we extend a fixed point theorem due to Ciric to a 
^^. cone metric space. 



1. Introduction and preliminaries 



Many generalizations of the Banach contraction principle 4^ have been consid- 
ered in the literature (see [J- [3], [5]-PT]). 

Huang and Zhang [T2] recently have introduced the concept of cone metric space, 
where the set of real numbers is replaced by an ordered Banach space, and they have 
r^ . established some fixed point theorems for contractive type mappings in a normal 

"y I cone metric space. The study of fixed point theorems in such spaces is followed by 

some other mathematicians (see |I]-|3) [S]j [13] j [ll]j [IS])- 

In this paper, we extend a fixed point theorem due to Ciric ([^-Theorem 2.5) 
to a cone metric space. Before presenting our result, we start by recalling some 
definitions. 

Let _E be a real Banach space and P a subset of E. P is called a cone if and 
^ ! only if: 

(i) P is closed, nonempty, and P ^ {0}. 
(ii) a, 6 G E, a, 6 > 0, X, y e P => ax + 6j/ e P. 



VO ■ (ui) X e P and -x G P ^ a; = 0. 

^^ ' Given a cone P C E, we define a partial ordering < with respect to P by: 

We shall write a; < y to indicate that x < y but x ^ y, while x ^ y will stand for 
k> , y — X € intP , where intP denotes the interior of P. 

^ ' The cone P is called normal if there is a number A; > such that for all x,y ^ E, 

< X < y ^ ||a;|| < fc||y||, 

where || • || is the norm in E. In this case, the number k is called the normal constant 
of P. Rezapour and Hamlbarani [TB] proved that there are no normal cones with 
normal constant fc < 1 and for each c > 1 there are cones with normal constant 
k > c. For this reason, in all this paper, we take fc > 1. 

In the following we always suppose £^ is a Banach space, P is a cone in E with 
int P 7^ and < is partial ordering with respect to P. As it has been defined 
in [12], a function d : X x X ^^ E is called a cone metric on X if it satisfies the 
following conditions: 

(a) < d{x, y) for all x,y d X^ x ^ y and d(x, y) = if and only ii x — y. 
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(b) d{x, y) = d{y, x) for all x,y € X. 

(c) d{x, y) < d{x, z) + d{z, y) for all x,y,z £ X. 

Then {X, d) is called a cone metric space. 
Let {xn) be a sequence in X and x £ X. 

• If for every c G i?, c » there is N such that for all n > N, d{xn, x) <^ c, 
then (x„) is said to be convergent to x and x is the limit of (x„). We denote 
this by x„ — > a; as n — >■ +00. 

• If for any c ^ E with ^ c, there is N such that for all n, m > N, 
d{xn, Xm) ^ c, then (a;„) is called a Cauchy sequence in X. 

Let (X, d) be a cone metric space. If every Cauchy sequence is convergent in X, 
then X is called a complete cone metric space. 
The following lemmas will be useful later. 

Lemma 1. (Huang and Zhang |12| ) Let {X^d) be a cone metric space, P he a 
normal cone. Let (a;„) he a sequence in X . Then {Xn) converges to x if and only if 
\\d{xmx)\\ — >■ as n ^ +cxd. 

Lemma 2. (Huang and Zhang [12 j Let {X, d) he a cone metric space, (a;„) he a 
sequence in X. If {xn) is convergent, then it is a Cauchy sequence, too. 

Lemma 3. (Huang and Zhang [12 j Let {X, d) he a cone metric space, P he a 
normal cone. Let (a;„) he a sequence in X . Then, (xn) is a Cauchy sequence if and 
only if \\d{xn, Xm)\\ — >• as n,m ^i- +00. 

We denote C{E) the set of linear bounded operators on E, endowed with the 
following norm: 

II StII 
11511= sup ^,V5 ££(£;). 

It is clear that if 5 G ^{E), we have: 

||5'x|| < llS-lllla;!!, VxeE. 

We denote hy I : E ^ E the identity operator, i.e., Ix = x,\/ x e X. If S" e C{E), 
we denote by 5^^ G C{E) (if such operator exists) the operator defined by: 

S~^Sx — SS^^x = X, Vx e E. 

2. Fixed point theorem 
The main result of this paper is the following. 

Theorem 1. Let {X,d) he a complete cone metric space, P he a normal cone with 
normal constant k (k > 1). Suppose the mapping T : X ^ X satisfies the following 
contractive condition: 

(2.1) d{Tx,Ty) < Ai{x,y)d{x,y)+A2ix,y)d{x,Tx)+A3{x,y)diy,Ty) 
+A4{x, y)d{x, Ty) + Ai{x, y)d{y, Tx), 
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for all x,y ^ X , where Ai : X x X ^ ^{E), i — 1,- ■ • ,4. Further, assume that for 
all x,y € X , we have: 

4 

(2.2) 3a G [0, 1/fc) I Y, \\Mx,y)\\ + \\Ai{x,y)\\ < a 

(2.3) 3l3e[0,l)\\\S{x,y)\\</3 

(2.4) {A,ix,y) + A2{x,y)){P)CP 

(2.5) A2{x,y){P)CP 

(2.6) Ai{x,y){P)CP 

(2.7) (/ - A3{x,y) - A4x, y)r\P) C P 
Here, S : X x X ^ ^{E) is given by: 

S{x, y) = {I- Az{x, y) - A^{x, y)Y^{Ai{x, y) + ^2(2;, y) + A^i^x, y)), Vx, y e X. 

Then, T has a unique fixed point. 

Proof. Let X £ X he arbitrary and define the sequence (a;„)„eN C X by: 

xq = x,xi= Txq, ■■■ ,x„ = Txn-i = r"a;o, • • ■ 
By (HI]), we get: 

d{Xn,Xn+l) = d{TXn-l,TXn) 

< Ai{Xn~l,Xn)d{Xn-l,Xn) + ^2 (x„_i , X„)d(x„_i , a:„) 

+A3{Xn^l,Xn)d{Xn, a^n+l) + AiiXn-l, Xn)d{Xn-l, Xn+l) 
-{-A^i^Xn-l, Xn)d{Xn, Xn) 

= {Ai{xn-i,Xn) + A2{xn-i,Xn))d{xn^i,Xn) + A3 (a;„_i , x„)(i(a;„ , X„+i ) 

+Ai{Xn^l,Xn)d{Xn-l,Xn+l). 

Using the triangular inequahty, we get: 

d{Xn~l,Xn+l) < d{Xn~l,Xn) + d{x„,Xn+i), 

i.e., 

d{Xn-l,Xn) +d{Xn,Xn+l) - d{x„^i,Xn+l) G P. 

From ([^ . it foUows that: 

A4{Xn-l,Xn)[d{Xn^l,Xn) + d{Xn,Xn+i) - d{Xn-l, Xn+i)] G P, 

i.e., 

A4{Xn^l,Xn)d{x„-i,Xn+l) < A4 (x„_i , a;„)d(a;„_i , X„) + A4{Xn-l,X„)d{Xn,X„+i). 

Then, wc have: 

d{x„,Xn+l) < {Ai{Xn^i,Xn) + A2{Xn~l,Xn) + A4{Xn-l,Xn))d{Xn^i,Xn) 
+ {A3{Xn-l,Xn) + A4{Xn~l,Xn))d{Xn,Xn+i). 

Hence, 

(/ - A3{x„-.i,Xn) - A4{xn-i,Xn))d{xn,x„+i) < {Ai{x„-i,x„) + A2 (a;„_i , a;„) 

+A4{x„-i,Xn))d{x„-i, X„). 

Using (|2.7p . we get: 

(2.8) d{Xn,Xn+l) < S{Xn-l,Xn)d{Xn-l,X„). 
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It is not difficult to see that under hypotheses (|2.4p . ()2.6p and (|2.7|) . we have: 

S{x,y)iP)CP, \/x,yeX. 
Using this remark, ()2.8p and proceeding by iterations, we get: 

d{x„,Xn+l) < S{Xn_i,X„)S{x„-2,Xn-l) ' ■ ■ S{xq, Xi)d{xo, Xi) , 

which impHes by (|2.3p that: 

\\d{xn,Xn+i)\\ < fc||S'(a;„_i,a;„)||||S'(x„_2,a;„_i)l| • • • ||S'(xo,a;i)||||d(xo,a;i)|| < fc/3"||(i(xo,xi) 

For any positive integer p, we have: 

p 

1=1 

which imphes that: 

p 

\\d{Xn,Xn+p)\\ < k^\\d{x„+t-l,Xn+i)\\ 

< fc2^/3"+^-il|(i(xo,xi)|| 

i=l 
on 

(2.9) < P-B—\\dixo,x,)\\. 

Since /3 G [0, 1), /3" -> as n — !■ +oo. So from (|2.9p it follows that the sequence 
(x„)„gN is Cauchy. Since {X,d) is complete, there is a point u £ X such that: 

(2.10) lim d{Txn,u) = lira d{xn,u) = lim d(a;„, .t„+i) = 0. 

n— f+oo n— f+oo n— f+oo 

Now, using the contractive condition (|2.ip . we get: 

d{Tu,Txn) < Ai{u,Xn)d{u,Xn) + A2{u,Xn)d{u,Tu) 

+A3{u, Xn)d{Xn,Xn+l) + Aiiu, X„)d(u, X„+i) 

+A4(u,a;„)d(a:„,rM). 
By the triangular inequality, we have: 

d{u,Tu) < d{u, Xn+l) + d{xn+i,Tu) 

d{Xn , Tu) < d{Xn , TXn) + d{TXn , Tu) . 

By (1231) and dH]), we get: 

A2{u,Xn)d{u,Tu) < A2{u,Xn){d{u,Xn+l) +d{Xn+l,Tu)) 

A4{u,Xn)d{xn,Tu) < A4 (u, x„)(i(a;„ , Txn) + ^4 (w, x„)(i(Ta;„, Tu) . 
Hence, 

d{Tu,TXn) < Ai{u,Xn)d{u,Xn) + {A2{u,Xn) + A4{u,Xn))d{u,Xn+l) 
+ {A2{u,Xn) + A4{u,Xn))d{Xn+l,Tu) 
+ {A^{u, Xn) + ^4(U, Xn))d{Xn, a^n+l)- 

Using (|2.2p . this inequality implies that: 



\\d{Tu,TXn)\\ < 7—{\\d{u,Xn)\\ + \\d{u,Xn+l)\\ + \\d{x,i,Xn+l)\\)- 

1 — ka 
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From ()2.10p . it follows immediately that: 

(2.11) lim d{Tu,Txn) = 0. 

Then, (|2.10p . (|2.1ip and the uniqueness of the limit imply that u — Tu, i.e., w is a 
fixed point of T. So we proved that T has least one fixed point u G X . 
Now, if w e X is another fixed point of T, by (|2.ip . we get: 

d{u, v) — d{Tu, Tv) < Ai{u, v)d{u, v) + 2A4{u, v)d{u, v), 

which implies that: 

\\d{u,v)\\ < k{\\Ai{u,v)\\ + 2\\Ai{u,v)\\)\\d{u,v)\\ < ka\\d{u,v)l 

i.e., 

{l-ka)\\d{u,v)\\ < 0. 

Since < a < 1/fc, we get d{u,v) — 0, i.e., u — v. So the proof of the theorem is 
complete. D 

Now, we will show that Theorem 2.5 of Ciric [5] is a particular case of Theorem 

HI 

Corollary 1. Let [X, d) he a complete metric space and T : X ^ X be a m,apping 
satisfying the following contractive condition: 

(2.12) d{Tx,Ty) < ai{x,y)d{x,y) + a2{x,y)d{x,Tx) + a3{x,y)d{y,Ty) 

+04(2;, y){d{x, Ty) + d{y, Tx)), 

4 
for all x,y G X, where Oi : X x X ^ [0,+cxd), i ~ I,--- ,4 and 2^cti{x,y) + 

1=1 
a4{x,y) < a for each x,y G X and some a G [0,1). Then, T has a unique fixed 

point. 

Proof. We take E — ^ (with the usual norm) and P — [0, +00). Then, {X, d) is a 
complete cone metric space and P is a normal cone with normal constant k — 1. 
For each i = 1, • • • , 4, we define Ai : X x X ^- C{E) by: 

Ai{x, y) : i e K h-> ai{x, y)t, 

for all x,y G X. let us check now that all the required hypotheses of Theorem [T] 
are satisfied. 

• Condition (|2.12p implies that: 

d{Tx,Ty) < Ai{x,y)d{x,y)+A2(x,y)d{x,Tx)+A3{x,y)d{y,Ty) 
+A4{x, y)d{x, Ty) + A4{x, y)d{y, Tx), 

for all x,y G X. Then, condition ()2.1|) of Theorem [1] is satisfied. 

• For alH = 1, • • • , 4, we have: 

\\Ai(x,y)\\^a^{x,y), \fx,yeX. 

Then, 

4 

i=l 

and condition (|2.2|) of Theorem [1] is satisfied. 
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• For all x,y ^ X, we have: 

S(x,y)t = t, Vt e M. 

1 - a3{x,y) -a4{x,y) 

Then, for all x,y ^ X , we have: 

iic^ Ml ai{x,y) + a2{x,y) ^^ aA{x,y) 

\\S{x,y)\\ = ^ . 

l-a3(x,y) -ai{x,y) 

Since a G [0, 1), we have: 
ai{x,y) +a2ix,y) +a4ix,y) +aa3(x,y) + aa4ix,y) < a, Vx, y £ X. 

Then, 

\\S{x,y)\\<a, \/x,yeX 

and condition (|2.3p of Theorem [1] holds with (3 = a. 

• Conditions p. 41) . (|2.5p and (|2.6p arc easy to check. 

• For all x,y ^ X, we have: 

{I-A3{x,y)-Ai{x,y))-^s=- \ -, Vs e M. 

1 -az{x,y) -a4{x,y) 

Since 03 (x, y) + a4{x, y) < 1 for all x, y G X, then 

s > ^ (/ - ^3(2;, y) - ^4(2;, y))-is > 0. 

Hence, condition (|2.7I) of Theorem [T] is satisfied. 

Now, we are able to apply Theorem [T] and then, T has a unique fixed point. D 

3. Open problem 

We present the following open problem. 

In hypothesis (|2.2I) . we assumed that a e [0, 1/fc), where k is the normal constant 
of the cone P. What can we say about the case when a G [1/fc, 1) with fc > 1? 
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